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Abstract. We describe a class of C'*-algebras which simultaneously generalise the ul¬ 
tragraph algebras of Tomforde and the shift space C*-algebras of Matsumoto. In doing 
so we shed some new light on the different C*-algebras that may be associated to a shift 
space. Finally, we show how to associate a simple (7*-algebra to an irreducible sofic shift. 
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1. Introduction 

The purpose of this paper is to introduce a class of G*-algebras associated to labelled 
graphs. Our motivation is to provide a common framework for working with the ultra¬ 
graph algebras of Tomforde (see i2niEii) and the G^-algebras associated to shift spaces 
studied by Matsumoto and Carlsen (see na ca El n amongst others). Here a labelled 
graph {E, tt) over an alphabet A is a directed graph E, together with a map tt : —> A. 

An ultragraph ^ is a particular example of a labelled graph (see Example Id.dl (ii)), and 
a shift space A has many presentations as a labelled graph (see [12], Example Id.dl liiiH. 
Hence it is natural to give our common framework in terms of labelled graphs. 

To a two-sided shift space A over a hnite alphabet, Matsumoto associates two C*- 
algebras 0\ and Oa* generated by partial isometries (see |H|). Although Oa and Oa* 
are generated by elements satisfying the same relations, it turns out that they are not 
isomorphic in general (see |S1 Theorem 4.1]). This fact manifests itself in our realisation 
in section o of Oa and Oa* as the C'*-algebras of the labelled graphs (Ea, tta) and 
(Ea*, tta*) respectively, which are not necessarily isomorphic as labelled graphs. Moreover, 
in Corollary lb.91 we show that using labelled graphs gives us the facility to canonically 
associate a simple G*-algebra to an irreducible sofic shift (cf. (HlElIZj)- 

In fact we can associate a number of (possibly different) G^-algebras to a labelled 
graph. This leads us to the notion of a labelled space, which we describe in section 
IS) Briefly, a labelled space (E, vr, C) consists of a labelled graph (E, tt) together with a 
collection C C which plays the same role as in [221 and is related to the abelian 
AF-subalgebra A a (resp. Aa*) in Oa (resp. Oa*) generated by the source projections. 

In section m we define a representation of a labelled space in terms of partial isometries 
{sa ■ a G A} and projections {pa : A E C} subject to certain relations. Our relations 
generalise those found in |2E1[T2|. In order to build a nondegenerate C'*-algebra from a 
representation of (E,7r,C) it is necessary for C to be weakly left-resolving: a condition 
which is a generalisation of the left-resolving property for labelled graphs. Hence we may 
define C*{E, vr, C) to be the G^-algebra which is universal for representations of the weakly 
left-resolving labelled space (E,7r,C). Since any ultragraph has a natural realisation as 
a left-resolving labelled graph, the class of G^-algebras of labelled spaces contains the 
ultragraph algebras (and hence, graph algebras and Exel-Laca algebras). 
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In section El we give a version of the gauge invariant uniqueness theorem for C*{E, vr, C) 
which will ultimately allow us to make the connection with the Matsumoto algebras. 

In section IHl we give three applications of our uniqueness theorem: In section lti. 1 l we 
show how to construct a dual labelled space, which is the analogue of the higher block 
presentation of a shift space (cf. [ISl)- We give an isomorphism theorem for dual labelled 
spaces which is a generalisation of [3 Corollary 2.5] and forms a starting point for future 
work (see jl]). In section W!7]\ we show that if 0\ (resp. Oa*) has a gauge action, then 
it is isomorphic to the C*-algebra of a certain labelled space. Then in section Iti.dl we 
give necessary conditions for the C*-algebra of a labelled space to be isomorphic to the 
C^-algebra of the underlying directed graph. We then show how to associate a simple C*- 
algebra to an irreducible shift space. By example, we show that in general the C^-algebra 
of a labelled space will not be isomorphic to the C^-algebra of any directed graph; hence 
labelled graph C'*-algebras form a strictly larger class of C^-algebras than graph algebras. 

Since we seek to generalise them, we begin by giving a brief description of Ultragraph 
algebras and Matsumoto algebras. 

2. Ultragraph Algebras and Matsumoto Algebras 

2.1. Ultragraph Algebras. An ultragraph Q = s) consists of a countable set 

of vertices a countable set of edges and functions s : and r ■. ^ . 

Let be the smallest collection of which contains s(e) and r(e) for all e ^ and is 
closed under finite intersections and unions. The ultragraph algebra C*{Q) is the universal 
C'*-algebra for Cuntz-Krieger ^-families: collections of partial isometries {sg : e G 
with mutually orthogonal ranges, and projections {pa '■ A G satisfying the relations 

1. P 0 = 0, paPb = PAnB and paub =Pa + Pb- Pahb for all A, B e 

2. SgSg = pr{e) and SgS* < Ps(e) for all e G 

3- Pv = '^s(e)=v^eK whenever 0 < |s“^(n)| < cx) 

(see j261 Dehnition 2.7]). Recall that n G is an infinite emitter if |s“^(n)| = oo. We 
say that Q is row-finite if there are no infinite emitters and r(e) is finite for all e G 
Ultragraph algebras simultaneously generalise graph G*-algebras and Exel-Laca alge¬ 
bras (see pm Sections 3 and 4]). By |271 Corollary 5.5] there is a non row-finite ultragraph 
whose G*-algebra is not Morita equivalent to a graph algebra or an Exel-Laca algebra. 

2.2. Matsumoto Algebras. For an introduction to shift spaces we refer the reader to 
the excellent treatment in Let A be a two-sided shift space over a hnite alphabet A 
and denote by A* the collection of all finite blocks in A. Let 

(1) Aa = {(a;i)i>i : {xi)i<zz G A} 

denote the set of all right-infinite sequences in A. 

Following jH] there are two G*-algebras associated to A. Each G*-algebra is generated 
by partial isometries {ta : a E A} subject to 

(2) = 1, and = tAlptap, where a,f3,af3 G A*. 

As in jB] we denote by Oa the G*-algebra dehned directly on Hilbert space in [iHiiiniEn] 
and by 0\* the G*-algebra dehned using the Fock space construction in [HiiziiiniiiaEi]. 
Because of the different ways in which the relations m are realised it turns out that Oa 
and Oa* are not isomorphic in general (see [3 Section 6 ]). 

There is a uniqueness theorem for Oa (resp. Oa*) when A satishes condition (I) (resp. 
condition (/*)) given in jHl Section 4] (resp. [3 Section 3]). 
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Condition (J): For x G Xa and I G N put Ki[x) = {/i G A; : /ix G Xa}. Two infinite 
paths x,y E X\ are l-past equivalent (written x y) if A/(x) = Ai{y). The shift space 
Xa satisfies condition (I) if for any I G N and x G Xa there exists y G Xa such that 
y ^x,y ^ix. 

Condition (/*): For a; G A* and Z G N we set A/(a;) = {/i : \y\ < I, ficu G A*}. Two 
words /r, z/ G A* are said to be l-past equivalent (written /r z/ ) if A;(/i) = A;(z/). The 
subset A^* C A* is defined by 

A* := {a; G A* : |{/i G A* : /i a;}| < oo}. 

The shift space A satisfies condition (/*) if for every I G N and /i G A^ there exist distinct 
words .^ 1,(^2 £ A* with |,^i| = |,^ 2 | = ht. such that 

~z 'Ci 7 i and p ^212 

for some 71,72 G Af^^. 

Theorem 2.1. Let A he a two-sided shift space over a finite alphabet which satisfies 
condition (I) (resp. {!*))■ Then there is a strongly continuous action [3 (resp. (3*) of T 
on 0\ (resp. C>a *) such that fifita) = zta (resp. P*ita) = zta) for all a E A and z E T. 

Proof. That each (3^ (resp. /?*) is an automorphism of Oa (resp. Oa*) for each z E T 
follows from |H1 Proposition 4.2] (resp. |Hl Proposition 3.4]). A standard | argument 
shows that (3 (resp. (3*) is strongly continuous. □ 

In j 2 T] Matsumoto defines A-graph systems Ca and Ca* associated to a two-sided shift 
space A together with corresponding C*-algebras and By jSl Theorem 5.6] we 

see that if A satisfies condition (I) then Oa — Cua and if A satisfies condition (/*) then 
Oa* — Cl^A*- Hence, for our purposes, it suffices to work with Oa and Oa*- 

3. Labelled spaces 

A directed graph E consists of a quadruple {E^, ,r, s) where E^ and E^ are countable 

sets of vertices and edges respectively and r, s : E^ ^ E^ are maps giving the direction of 
each edge. A path A = ei... is a sequence of edges e* G E^ such that r(ei) = s(ej+i) for 
i = l,...,n — 1. The collection of paths of length n in FZ is denoted FZ" and the collection 
of all finite paths in E by E*, so that E* = Un>oE^- The edge shift {Xe,o'e) associated 
to a directed graph E with no sinks or sources is defined by: 

Xe = {x G (FZ^)^ : s(xi+i) = r{xi) for all i E Z} and {aEx)i = Xj+i for i E Z. 

The following definition is adapted from |131 Definition 3.1.1]: 

Definition 3.1. A labelled graph {E,7 t) over an alphabet A consists of a directed graph 
E together with a labelling map ir : E^ —>■ A. 

Without loss of generality we may assume that the map vr is onto. Given a labelled graph 
{E, vr) such that every vertex in E emits and receives an edge, we may define a subshift 
(X(E, 7 r),cr) of A'^ by 

X(E, 7 r) = {y ^ A^ : there exists x eXe such that yi = 7 r(xj) for alH G Z}, 

where a is the shift map. The labelled graph {E, tt) is said to be a presentation of the 
shift space X = X(^E,n)- As shown in [THl §3.1] a shift space may have many different 
presentations (see Examples 13.31 fiiL (vi), (vii)). 

Let A* be the collection of all words in the symbols of A (see j251 § 0 . 2 ]). The map 
71 extends naturally to a map vr : FZ” —>■ A*, where n > 1: for A = Ci.. . e„ G FZ"’ put 
7 r(A) = vr(ei)... 7 r(e„); in this case the path A G E'^ is said to be a representative of the 


4 


TERESA BATES & DAVID PASK 


labelled path vr(ei).. .7r(e„). Let C'^{E,7i) = denote the collection of all labelled 

paths in {E,7i) of length n, then C{E,n) = vr) denotes the collection of all 

words in the alphabet A which may be represented by paths in the labelled graph [E, vr). 
In this way n induces a map from the language of the subshift of hnite type Xe 

associated to E into C{E,7i), the language of the shift space X(^E,n) presented by {E,7i) 
(see El §3]). The usual length function | ■ | : i?* —> N transfers naturally over to C{E, vr). 
For a in C{E, vr) we put 

s-rtid) = {’S(A) G E^ : 7r(A) = a} and r^(a) = {r(A) G E^ : 7r(A) = a}, 

so that r 7 r,s,r : 'hl,{E,7i) —>• . We shall drop the subscript on and if the context 
in which it is being used is clear. For a, (3 E C{E, vr) we have a/3 G C{E, tt) if and only if 
r(a) n s(/3) 7 ^ 0. 

Where possible we shall denote the elements of ^ = C^{E,7i) as a,b, etc., elements of 
C{E, tt) as a, /3, etc., leaving e, / for elements of E^ and A, p for elements of E*. 

Let (F',vr) and (F", tt') be graphs labelled by the same alphabet. A graph isomorphism 
(j) : E —>■ E is & labelled graph isomorphism if 7i'{(j){e)) = 7r(e) for all e E E^ and we write 
0 : {E,7i) {E,7i'). 

Definition 3.2. The labelled graph {E, tt) is left-resolving if for all v E E^ the map 
TT : r“^(n) —.4. is injective. 

The left-resolving condition ensures that for all v E E^ the labels {vr(e) : r(e) = n} of 
all incoming edges to v are all different. When {E,7i) is left-resolving, if A,/i G 
satisfy 7r(A) = 7r(/i) and r(A) = r(/i) then A = p. 

Examples 3.3. (i) Let Ehe& directed graph. Put A = E^ and let n ■. E^ ^ E^ he the 

identity map (the trivial labelling) then {E, tt) is a left-resolving labelled graph, 
(ii) Let Q = {G^,Q^,r, s) be an ultragraph. Define E = Eg hj putting E^ = G^, 
E^ = {(s(e),r(;) : e G G^,w E r(e)} and defining r',s' : E^ ^ E^ by s'{v,w) = v, 
rfv, w) = w. Set A = and dehne 7ig : E^ ^ Ahj 7i{s{e),w) = e. The resulting 
labelled graph {Eg, ng) is left-resolving since the source map is single-valued. If Q 
is row-hnite then Eg is row-finite. 

Conversely, given a left-resolving labelled graph {E, tt) over an alphabet A where 
Sjr : C{E,7i) —> is single-valued, we can form a ultragraph Qe = {E^, A,r', s') 

with s' = s-jr and r' = r^. If E is row finite then the ultragraph is row-finite. 

0 



have the same language as the even shift Y since between any two I’s there must 
be an even number of O’s. Hence X(^Ei,ni) = Y for / = 1,2,3 by |131 Proposition 
1.3.4 (3)]. Only graphs {Ei,ni) and (3^2, 712 ) are left-resolving. 


C*-ALGEBRAS OF LABELLED GRAPHS 


5 


(iv) Let E he & directed graph and L a group which acts on (the right of) E. Dehne 
Tiq : E^ ^ E^/T by vrg(e) = g(e) where q : E^ ^ E^/T is the quotient map. 
If the action of L is free on E^, then the resulting labelled graph [EjUg) is left¬ 
resolving. More generally, if p : E E is & graph morphism then there is a 
labelling Hp : E^ ^ E^ given by vrp(/) = p{f) for all / G E^. If p is a covering 
map then Tip is left-resolving. 

(v) Recall from 0 §3], that an out-splitting of a directed graph E is formed by a 

partition V of into m{v) > 1 non-empty subsets for each v E E^ (if s“^(n) = 

0 then m{v) = 0). Given such a partition V one may construct a directed graph 
Es{V) where Es{V^) = {e^ : e E E^, 1 < j < m(r(e))} U {e : m(r(e)) = 0}. Define 
71 : EsiVy —> E^ by 7r(e-^) = e for 1 < j < m(r(e)) and 7r(e) = e if m(r(e)) = 0. 
For an in-splitting (see [HI §5]) of E using a partition V, a similar construction 
also yields a labelled graph. However the resulting labelling tt of the in-split graph 
Ej.{V) will not be left-resolving in general. 

(vi) Let A be a two-sided shift space over a finite alphabet A with X\ defined as in (Hi- 
Let Xj^ = {(a:j)j<o : (xj)jgz ^ A} so that any element x E A may be written as 
X = x~x^. For arbitrary E Xa and x~ E X^ the bi-in£nite sequence y = x~x^ 
may not belong to A. Dehne the past set of f G X\ as 

-Poo(^) = {x~ E Xj^ : x~t E A}. 

A shift is sofic if and only if the number of past sets is hnite nncn]. 

For s, t G Xa, we say that s is past equivalent to t (denoted s t) if Poq{s) = 
-^oo(t)* Evidently X^a/ ^oo can be identified with f^A described in HU §2]. 
Dehne a labelled graph {E\,7i\) as follows: let E^ = {[i^] ■ v E X\/ OO },Ei = 
{([n],a, [tc]) : a E A,aw ~oo v} with s([n],a, [w]) = [n] and r([n],a, [tc]) = [tc]. If 
([n],a, [w]) G E\ we put 7rA([n],a, [w]) = a. The resulting left-resolving labelled 
graph is usually referred to as the left-Krieger cover of A and the construction is 
evidently independent of the choice of representatives (see mi). 

If Y is the even shift then {Ey,7Ty) is labelled graph isomorphic to {E2,7i2) in 
(iii) above. Let Z be shift over the alphabet {1,2, 3,4} in which the words 

32*^12, 32*^13,42''14 : fc > 0} 

do not occur (see IHl§4]) then {Ez, ttz) has six vertices. 

(vii) Let A be a two-sided shift over a hnite alphabet A. We construct a variant of the 
predecessor graph (Ea*, tta*) in the following way. For /i G A* we dehne 

F(/i) := (A : A/i G A*} 

and dehne an equivalence relation by /i ~ z/ if P(/u) = F(z/). A shift is sohc if and 
only if the number of predecessor sets is hnite 

Let A^ denote those p E A* which have an inhnite equivalence class. Since A is 
hnite A^/ ~ can be identihed with Da* = lim^ D)" as described in HU Section 2]. 
We set EV = A^/ ~, E^ = {{[p],a, [u]) : a E A,[p] = [au]}, r{[p],a, [u]) = [z/] 
and s{[p],a, [v]) = [p\. The labelling map is dehned by 7rA*([/i],a, [v]) = a. The 
resulting labelled graph is evidently left-resolving. 

If Y is the even shift then (Fy*, Try*) is labelled graph isomorphic to {E 2 , 712 ) in 
(iii) above (cf. jEllIZI)- If Z is the sohc shift described in Example 13.31 fvii then 
{Ez*,7Tz*) has seven vertices and contains {Ez^nz) as a subgraph. 
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Definition 3.4. Let {E, tt) be a labelled graph. For A 'O and a G C{E, tt) the relative 
range of a with respect to A is dehned to be 

r{A, a) = {r(A) : A G E*, 7r(A) = a, s(A) G A}. 

Remark 3.5. For any A, B O E^ we have 

r{A n B,a) C r{A, a) fl r{B, a) and r{A U B,a) = r{A, a) U r{B, a). 

For all A ^ E^ and a G C{E, vr) we have r{A, a) = r{A fl s{a), a). 

A collection C C 2®° of snbsets of E^ is said to be closed under relative ranges for {E, tt) 
if for all A G C and a G C{E, tt) we have r{A, a) G C. If C is closed nnder relative ranges 
for {E,7r), contains r{a) for all a G C{E,n) and is also closed nnder hnite intersections 
and nnions, then we say that C is accommodating for {E, vr). 

Definition 3.6. A labelled space consists of a triple {E,7i,C), where {E,7i) is a labelled 
graph and C is accommodating for {E, tt) . 

Definition 3.7. A labelled space {E,7i,C) is weakly left-resolving if for every A,BeC 
and every a G C{E, vr) we have r(A, a) fl r{B, a) = r{A fl 5, a). 

In particnlar (£', tt, C) is weakly left-resolving if no pair of disjoint sets A^B E C can emit 
paths X, fi respectively with 7r(A) = 7r(/i) and r(A) = r(/r). If {E,'7i) is left-resolving then 
{E, 71, C) is weakly left-resolving for any C. Evidently if {E, tt, C) is weakly left-resolving, 
then {E, tt, C) is weakly left-resolving for any C' C C. 

Consider the following snbsets of 

S = {{n} : n G is a sonrce or a sink } U {r{a) : a G C{E, vr)} U {s(a) : a G C{E, vr)} 

S- = {{n} : n G is a sink } U {r{a) : a G C{E,77)}. 

The following dehnition is analogons to the dehnition of in j26j . 

Definition 3.8. Let (resp. £^) denote the smallest snbset of 2^° containing £ (resp. 
£-) which is accommodating for (E, vr) . 

Remark 3.9. For all a G C{E, vr) we have r(s(a), a) = r{a); moreover if (a, fd) G C^‘^\E, vr) 
then r{r{a),(5) = r{a(5). For a,(3 E C{E,7i) with afd E C{E,7i) and A C E^ we have 
r(r(A, a), (3) = r{A, a(5). 

For labelled spaces {E, tt, £^) which are weakly left-resolving Remark 13.51 and Remark 13.91 
show that to form £^ it snffices to form 

£ U {r{A, a) : A E £,a E C{E, vr)} 

and then close nnder hnite intersections and nnions. To form , by Remark 13.51 it snffices 
to close £- nnder hnite intersections and nnions. Evidently, £f C the containment 
can be strict, for instance this occnrs when E has sonrces. One can show that £^ = £f if 
and only if for every a E C{E, vr), s(a) can be written as a hnite nnion of sets of the form 
njL^r(/3j). Since C{E, vr) and £ are conntable it follows that £^ and £^ are conntable. 
For A E and n > 1 let 

Ll = {aE r{E, vr) : A n s(a) ^ 0} 

denote those labelled paths of length n whose sonrce intersects A nontrivially. 
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4. C*-ALGEBRAS OF LABELLED SPACES 

Definition 4.1. Let {E,n,C) be a weakly left-resolving labelled space. A representation 
of {E, 71, C) consists of projections {pa : A G C} and partial isometries {sq : a G C^{E, vr)} 
with the properties that 

(i) If A,B eC then paPb = Pahb and paub = Pa+ Pb- Pahb, where p© = 0. 

(ii) If a G C^{E, vr) and A E C then pASa = SaPr(A,a)- 

(hi) If a, 6 G E^(E, tt) then s*Sa = Pr(a) and s*Sb = 0 unless a = b. 

(iv) For A G C, if is hnite and non-empty we have 

( 3 ) PA= 'Yh ^aPriA,a)S*a. 

a£L\ 

If a, b E C^{E, vr) are such that ab E C{E, tt) then we have 

— Pr{a)SbSb = SbPr(r(a),b)Sfj = SbSf,Pr{a) — ) ('Sa'^a) • 

Hence SaSb is a partial isometry which is nonzero if and only if Sa and Sb are. Therefore 
we may dehne Sab = SaSb and similarly dehne Sa for all a E C{E,7i). One checks that 
Dehnition 14.11 fiil holds for a E C{E,77), Dehnition 14.11 fiiil holds for a,f3 E C'^{E,ti) for 
n > 1 and Dehnition mu (iv) holds for A E C with hnite and nonempty for n > 1. 
Then (cf. Q) we have 

( 4 ) Pr{a)SfS S pPr(r{cy),0)) ^l3Pr{al3) 

To justify the requirement that {E, tt, C) is weakly left-resolving in Dehnitions l4.1l consider 
the following: Let {pa, Sq} be a representation of {E, vr, C) in which Pa 7 ^ 0 for all A E C. 
By Dehnition 14.II (i) we have (p^ — PAnB)(,PB — Pahb) = 0 for all A,BeC. Suppose, for 
contradiction, that there is a G C{E, tt) such that r(A, a) fl r{B, a) ^ r(A D B,a). From 
Dehnition mu (iv) we have 

Pa PACiB ^ ■So (Pr(A,a) Pr(AnB,a)) S'P-d Pb PACiB ^ So (^Pr{B,a) Pr(AnB,a)^ 

SO {pa — PAnB)(yPB — Pahb) 7 ^ 0, a contradiction. Thus a representation of {E,7i,C) will 
be degenerate if {E, tt, C) is not weakly left-resolving. 

Relation (iv) in Dehnition mu can make sense even if A G C emits inhnitely many edges 
in E\ If there are only hnitely many diherent labels attached to the edges which A emits 
then L\ is hnite. For directed graphs the analogue of equation holds when a vertex 
has hnite valency; when this is true at every vertex, the graph is called row-hnite. With 
this in mind, we make the following dehnition: 

Definition 4.2. Let {E, ti, C) be a labelled space. We say that A G C is singular if L\ is 
inhnite. If no set A G C is singular we say that {E, tt, C) is set-finite. 

If {E, 71, C) is set-hnite, then is hnite for all A G C and all n > 1. In the examples below, 
the resulting labelled space will be set-hnite whenever the original graph is row-hnite. 

Examples 4.3. (i) Let Ehe a. directed graph with the trivial labelling vr. Then con¬ 

sists of all the hnite subsets of E^. If E is row-hnite then {E, tt, £^) and {E, tt, £^) 
are set-hnite. One may show that a representation of {E, tt, T°) is a Cuntz-Krieger 
FI-family and conversely (see II1I2] for instance). If all sources in E have hnite 
valency, then the ^-algebra generated by a representation of {E,'K,£f) contains a 
representation of {E,7i,£^). If there is a source v E E^ with inhnite valency then 
there is no representative of p^ in the ^-algebra generated by a representation of 
{E,7i,£f). 
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(ii) Under the identification of an ultragraph Q with a labelled graph {Eg, ng) we 
have £g = Since A = a representation of (Eg, Tig, £g) is a Cuntz-Krieger 
^-family (see m Definition 2.7]). If Q has sources which are singular then we get 
similar behaviour to that described in (i) above. 

(hi) In Examples ESI (hi) we have Sf, {Sf)_ = for i = 1,2 whereas {tc} ^ (^^ 3 )-- A 
representation of {E 2 , 712 , {S 2 )-), is generated by partial isometries Sq, Si satisfying 
the relations in m Proposition 8.3] and jHl §2] for Oy, where Y is the even shift. 

(iv) A covering p : E ^ E ol directed graphs yields a labelling Tip : E^ ^ E^. We 
may identify with the collection of inverse images of the finite subsets of E^. 
A representation of (E, Tip, JF°) is a Cuntz-Krieger E-family. If E has sources with 
infinite valency, then we get similar behaviour to that described in (i) above. 

(v) An outsplitting Es{V) of E gives rise to a labelling vr : Es{VY ^ E^. If E is 
proper then we may identify 8g{VY with the collection of finite subsets of 
and a representation of {Es{V),7i,Sg{V) ) is a Cuntz-Krieger E-family. If E has 
sources with infinite valency then, we get similar behaviour to that described in 
(i) above, even when the outsplitting is proper. 

(vi) An arbitrary shift A C A^ gives rise to a left-resolving labelled graph (Ea, tta) with 
no sources or sinks. If A is finite then the generators of Oa form a representation 
of (EA, 7 rA, (^^)-) (cf. ISmH). 

(vii) An arbitrary shift A C A'^ gives rise to a left-resolving labelled graph {Ea*,71a*) 
with no sources or sinks. If A is finite then the generators of Oa* form a repre¬ 
sentation of (Ea*, tta*, (£^fy)-) (cf. 13 El)- 

Examples 14.31 (i)-(v) show that it is possible for and to be different, but for the 
♦-algebras generated by representations of (E, 7 r, £^°) and {E,ti,£^) to be the same. 

Let (E, 7 r, C) be a labelled space. Let C* = C{E,7t) U C and extend r,s to C* by 
r{A) = A, s(A) = A for all A G C. For A G C, put sa = Pa, so sp is defined for all (3 G C*. 

Lemma 4.4. Let {E,7i,C) be a weakly left-resolving labelled space and {sa,PA} a repre¬ 
sentation of (E, TT, C) . Then any nonzero product of Sa, Pa and si can be written as a finite 
combination of elements of the form SaPAS*p for some A G C, and a,P ^ C* satisfying 
A C r{a) n r{/3) fy 0. 


Proof. Since SaPAS*p = SaPr(a)r\Ar\r(i 3 )S*p it follows that SaPAS*p is zero unless A fl r{a) fl 
r{(3) fy 0 and without loss of generality we may assume that A C r{a) O r {(3). For 
a, I3,'j,6 E E(E, tt) and A, E G C we have 


(5) 


{SaPAS*p) (s^PbsD 


Sa'Y'Pr(A,-y')nBSs 

SaPAnr{B,0')Slp, 

SaPAnB^s 

.0 


To see this, suppose 7 = /dy' then as A C r{(3) fl r{a) 


if 7 = (3Y 
if /3 = 7/3' 
if /3 = 7 
otherwise 


^aPA^ P^'yPB^S ^aP A^ p^ IS^'y'PB^ S ^aP APr{0)^'y'P B^ S 

A similar calculation gives the desired formulas in the cases (3 = 7 /?' and /3 = 7 . If /3 and 7 
have no common initial segment, then without loss of generality, assume that (3 G E"’(E, tt) 
and 7 G C^{E,ti) with n > m. Write (3 = (3'Y" where (3' G E™(E, 7 r), and then by 
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Definition mU^iv) we have = 0 since (3' ^ 'y and so SaPAS*pS^pAs} = 0. By 

Definition EKi) and (ii) we may extend © to the case when a, /3, 7 , 5 G C*. □ 

Theorem 4.5. Let {E,7i,C) be a weakly left-resolving labelled space. There exists a C*- 
algebra B generated by a universal representation of {sa, Pa} of {E,7 i,C). Furthermore 
the Sa’s are nonzero and every pA with A ^ ^ is nonzero. 

Proof. Let S(e,tz,c) '■= {(«, A, f3) : a, f3 & C*, A & C, A ^ r{a) nr(/3)} and let ki^E,n,c) be the 
space of fnnctions of hnite support on S(^e,it,c)- The set of point masses {cr ■ r G S(E,n,c)} 
forms a basis for k(^E,-K,c)- := (/3,A, a); then thinking of e(a,A,i 3 ) as SaPAS^ 

and using we can dehne a multiplication with respect to which k(E,-K,c) is a ^-algebra. 

As a ^-algebra fc(£;,,r,c) is generated by qA := e(^A,A,A) for A G C and ta := e{^a,r{a),r{a)) 
for a G C^{E,tt). Our dehnition of multiplication ensures that properties (ii) and (hi) 
of Dehnition R~n hold; moreover qAqs = ^Ans- We mod out by the ideal J generated by 
the elements qAoB - Qa - Qb + Qahb for A,B eC, and qA - J2aeL\ ■SaPr{A,a)S*a for A G C 
with L\ nonempty and hnite. Then the images of qA and Ua of ta in k(^E,n,c)/ J form a 
representation of {E,7i,C) that generates k(E,-K,c)/J- The triple {k(^E,n,c)/J,rA,Ua) has the 
required universal property, but is not a 0*-algebra. Using a standard argument we can 
convert this triple to a C'*-algebra B satisfying the required properties (see m Theorem 
2 . 1 ] for instance). 

Now for each a G C^{E, vr) and e G 7 r“^(a), let Tl[a,e) be an inhnite-dimensional Hilbert 
space. Also for each v G s(a) we dehne Tl(^a,v) ■= ®{e:s(e)=v,Tr(.e)=a}'kl(a,e)- If p is a sink let 74^ 
be an inhnite-dimensional Hilbert space. For A G C we dehne TCa ■= ®b&L\®ves{b)nA'kl(b,v) 
and then note that each Hilbert space we have dehned is a subspace of 

Tf . (©a££l(i?, 7 r) ©i;gs(a) 'kL(^a,v)) ©{^!:s-l(^!)= 0 } 

For each a G Cf{E, vr), let Sa be a partial isometry with initial space 'Hr(a) and hnal space 
©tJGs(a) © Tds{a)- For A G C, dehne Pa to be the projection of TL onto TCa, where 

this is interpreted as the zero projection when A = 0. 

It is easy to verify that since {E,7i,C) is weakly left-resolving, the operators {S'a,PA} 
form a representation of {E, vr, C) in which Sa, Pa are nonzero. By the universal property 
there exists a homomorphism 7is,p : B —>• C*{{Sa, Pa})- Since the S'^’s and Pa’s are 
nonzero, it follows that the s^’s and p^’s are also nonzero. □ 

Definition 4.6. Let (P, 7 r, C) be a weakly left-resolving labelled space, then C*{E,7r,C) 
is the universal C*-algebra generated by a representation of (P,7r,C). 

Let {E,7 i,C) be a weakly left-resolving labelled space and {sa,PA} be the universal rep¬ 
resentation of (P, 7 r, C), then by Lemma f4.41 

span {saPASp : a, f3 ^ kl{E, vr), A G C, A C r{a) fl r{(3)} 

is a dense *-subalgebra of C*{E, vr, C). The following result may be proved along the same 
lines as m Lemma 3.2]. 

Lemma 4.7. Let A be finite, E have no sinks, and {E,7i,C) be a weakly left-resolving 
labelled space. Then C*{E,7r,C) is unital. 

Proof. Observe that XlaeA^ for C*{E,7i,C). □ 

Lemma 4.8. If (f : (P, tt) —> (P, n') is a labelled graph isomorphism, then for all C which 
are accommodating for (P, vr) we have C*{E,7i,C) = P*(P, vr', 0(C)). 

Proof. The map 0 induces a bijection between the generators of C*{E, n, C) and C*{E, tt', 0(C)) 
and so by the universal property there are homomorphisms from one C'*-algebra to the 
other which are also inverses of each other. □ 
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5. Gauge Invariant Uniqueness Theorem 

Let {sa,PA} be the universal representation of {E, vr, C) which generates C*{E, vr, C). For 
z G T, a G C^{E, tt) and A G C let 

ta ■= IzSa = zSa and qa := 'JzPa = Pa 

then the family {ta, Qa} G C*{E, tt, C) is also a representation of (E, tt, C). By universality 
of C*{E, TT, C) and a routine e/3 argument we see that 7 extends to a strongly continuous 
action 

7 : T ^ Ant C*{E,tt,C) 

which we call the gauge action. 

Proposition 5.1. i) Let E be a directed graph with the trivial labelling tt. Then 
C*{E,tt,£^) = C*{E). 

ii) Let Q be an ultragraph. Then C*{Eg,TTg,£g) = C*{Q), where {Eg,TTg) is the 
labelled graph associated to Q . 

hi) Let p : E ^ E be a covering map with induced labelling TTp ■. E^ ^ E^. Then 
C*{E,TTp,E^) = C*{E). 

iv) Let E be a directed graph and let EgiV) be an outsplitting. Let tt be the la¬ 
belling of EgiV) induced by the outsplitting. If V is a proper partition then 
C\E,{V),TT,£,{Vf) = C\E). 

Proof. In each case the left hand side contains a generating set for the G*-algebra on the 
right as shown in Examples 14.31 We apply the appropriate gauge-invariant uniqueness 
theorem for the algebra on the right hand side to obtain the isomorphism. □ 

To establish connections with the Matsumoto algebras we need a version of the gauge- 
invariant uniqueness theorem for labelled graph algebras. 

Lemma 5.2. Let {E,tt,C) be a weakly left-resolving labelled space, {sa,PA} o represen¬ 
tation of {E,tt,C), and Y = {saiPAiS*^. : i = 1,... ,N} be a set of partial isometries in 
C*{E,tt,C) which is closed under multiplication and taking adjoints. If q is a minimal 
projection in C*{Y) then either 

(i) q = SaiPAiSa. for some 1 <i < N 

(ii) q = SaiPAiS^i - q' where q' = YjT=i 1 < * < moreover there 

is a nonzero r = SaigPr(Ai,f3)Saii3 ^ C*{E, tt, C) such that q'r = 0 and q > r. 

Proof. By equation any projection in C*{Y) may be written as 

n m 

j=l 1=1 

where the projections in each sum are mutually orthogonal and for each I there is a unique 
J such that ^ 

If ? = Ei=i is a minimal projection in C*{Y) then 

we must have n = 1. If m = 0 then q = SatPAiSa^ for some l<i<A^. IfruT^O then 
q = SaiPAiSl,. - q' where q' = Ya=i 1 < ^ < iV- Since q' is the sum of 

hnitely many projections and g 7 ^ 0 it follows by repeated use of Dehnition 14.11 (iv) that 
there is a nonzero r = Saii 3 Pr(Ai,g)Sa.y in C*{E, tt, C) such that rq' = 0 and q > r. □ 

Theorem 5.3. Let {E,tt,C) be a weakly left-resolving labelled space and let 

be a representation of {E, tt, C) on Hilbert space. Take tts,p to be the representation of 

C*{E, TT, C) satisfying TTs,p{sa) = Sa and tts,p{pa) = Pa- Suppose that each Pa is non-zero 
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whenever A ^ 0, and that there is a strongly continuous action f3 o/T on C'*(S'q,, Pa) such 
that for all z ^ T, f3z o ns,p = '^s,p ° 1z- Then 7is,p is faithful. 

Proof. A straightforward argument along the lines of 1221 Lemma 2.2.3 ] shows that 

C*{E, TT, C)'^ = spanjsc^p^s^ : a, jd E C^{E, vr) for some n and A C r{a) fl r-(/3)} 

where C*{E,'7i,C)'^ is the hxed point algebra of C*{E,7i,C) under the gauge action 7 . 
We claim that C*{E,7i,C)'^ is AF. Let F be a hnite subset of C*{E,n,C)'^. Since y eY 
may be approximated by a hnite linear combination of elements of the form SaPAS*^ where 
|a| = \j3\ we may assume that Y = {saiPAiS^. ■ \ai\ = \l3i\,i = 1... A^}. 

Let M be the length of the longest word in {ai ,..., a^}. Let W denote the collection 
of all words in C{E, tt) of length at most M that can be formed from composing subwords 
of tti,..., Q!Ar,/9i,... j/Sat. Let B be the collection all hnite intersections of and 

{r(Aj, 7 ) : 1 < i < A^, 7 G PF}. By equation (jS)) a non-zero product of elements of Y is 
of the form s^pas} where 7 , 5 G IF and A E B. Since IF and B are hnite it follows that 
Y' = {s.yPASs : 'y,6 E W, A E B} is hnite, closed under adjoints and C*{Y) = C'*(F'). 
Hence we may assume that Y is closed under multiplication and taking adjoints. Thus 
C*{Y) = span(F) is hnite dimensional and so C*{E,ti,C)'^ is AF by jSl Theorem 2.2], 
establishing our claim. 

To show that the canonical map ns,p : C*{E,7r,C) —>■ C*{Sa, Pa) is injective on 
C*{E, 71, C)^ we write C*{E, tt, C)'^ as U C*{Yn) where {Ft : n > 1} is an increasing family 
of hnite sets which are closed under multiplication and taking adjoints. Suppose, for con¬ 
tradiction, that 7rs,p is not faithful on C*(Ft) for some n. Then its kernel is an ideal and 
so must contain a nonzero minimal projection q. If Ft = {saiPAiS*^. : i = 1..., N{n)} then 
by Lemma EiH either q = Sc^PAiS^. for some 1 < i < N{n) or q = SaiPAiSl,. — q' where 

and 1 < i < N{n). In the hrst case ^7s,phc.^VA^) = S^^^Pa^ 
is a partial isometry with initial projection P 4 . and hnal projection SaiPAiS^.. But 
PAi = T^sAPAi) ^ 0 by hypothesis and so i^sAq) = T^sAsc^iPAAA = Sa^AiSai + 0 
which is a contradiction. In the second case by LemmaEI21(ii) there is r = SaiyPr(Ai,j3)sA 
such that q>r and q'r = 0. We may apply the above argument to show that 7 r 5 ^p(r) F 0 
and hence T^sA'i) — '^s,pij) F 0 which is also a contradiction. Hence 773 ,p is injective on 
C'*(Ft) and the result follows by arguments similar to those in |21 Theorem 2 . 1 ]. □ 

6 . Applications 

6.1. Dual Labelled Graphs. Let E have no sinks and {E,7i) be a labelled graph over 
alphabet A. From this data we may form the dual labelled graph {E, n) over alphabet 
A := C'^{E,7r) as follows: Let E^ = E^, E^ = E'^ and the maps r',s' : E^ ^ E^ be 
given by P{ef) = f and s'{ef) = e. The labelling tt : E^ ^ A is induced by the original 
labelling, so that n{ef) = 7 r(e) 7 r(/). For ab E C}{E,7i) = C‘^[E,7i) we have 

r 7 i{ah) = {/ : n{ef) = ab}, and Sjf(a 6 ) = (e : ^(e/) = ab} 
and for B E 2®^ 

r^{B, ab) = {/ : 7 r(e/) =ab,eE B}. 

These maps extend naturally to C{E,7t) = U„>iF”(i?, vf) where for u > 1, CA{E,^) is 
identihed with tt). Consider the following subsets of 2^^ 

8 = {{e} : s(e) is a source} U {r 3 {a) : a E C{E,7r)} U {s 7 f(a) : a E C{E,7t)} 

8- = A{a) : a E C,{E,7i)}. 
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Let 8^ (resp. be the smallest collection of subsets of 2^^ containing 8 (resp. 8-) 
which is accommodating for One checks easily that if {E,7r,C) is left-resolving, 

then {E,n,C) is weakly left-resolving for C = 8^,8^. 

For B e 8^ (resp. B e 8^^) we set 

= {ab G C\E, t) : s^{ab) 0 5^0}. 

If E has no sources and sinks, the shift determined by the dual labelled graph 

{E,7r) of {E,7r) is the second higher block shift X|^^^ formed from y^{E, 7 T) (cf- jlHl §1-4]). 

Remarks 6.1. Suppose that ab G C?{E,ti) then c G if and only if be G 

moreover r{r{ab),c) = r{s{r^{ab)),bc). Suppose that A ^ 8^ (resp. A G 8^) then a E L\ 
and ab G C‘^{E, vr) if and only if ab G 

Theorem 6.2. Let {E, tt) be a set-finite, left-resolving labelled graph with no sinks then 
0*(E, 71,^0) ^C*{E,e, 8^), moreover C*{E,Ti,8f) ^ C*{E,fc,8f). 


Proof. Let {sa,PA} be a representation of {E,7i,8^) and {fab,<?s} be a representation of 
{E,n,8^). For ab G C^{E,e) and B E 8^ let Tab = SaSbSl and 

Qb ■— ^ ^ SabPr{s{B),ab)Sab- 

Since {E, vr, 8^) is set-hnite {E, vf, 8^) is set-hnite by Remarks 16.11 and so the above sum 
is hnite. One checks that {Tab,QB} is a representation of (E,n, 8^). 

By the universal property there is a homomorphism 'Kt,q '■ C*{E, vf, 8^) —>■ C*{E, vr, 8^) 
with 7iT,Q(tab) = Tab and T^T,Q{,gB) = Qb- Siuce intertwines the respective gauge 
actions and Qs 7 ^ 0 it follows from Theorem 15.dl that t^t,q is faithful. We claim that t^t,q 
is surjective. For a E C^{E, vr) we have 


^aPr{a) ^ 


• E 

r{a) 


^bPr(r{a),b)^b ^ ^ ^a^b^b^bPr(ab)^b 
b&L^, , 

— 'y ^ SaSbSf, y ^ SbcPr{r(ab),c)Sbc 


b&B 


(a) 


ceT 


(ab) 


yy Tab (ab)),be) Sfcc by Remarks 0 




y^] TahQ 


r^(ab) 


r(a) 


and so Sa E C*{Tab, Qb)- For A E 8^, hy Remarks 16.11 we have 


PA = 


y ^ ^aPr(A,a)Sa — ^ ^ ^ ^ SbPr{r(A,a),b)SbSa 


a£L\ 


a&L\ bGTl;(A,a) 


y ^ ^abPr(A,ab)^ab Qs-^(A) 


a.beL^_, 

s 1(A) 

and so pa G C*{Tab, Qb) which establishes our claim. The second isomorphism is proved 
along similar lines. □ 
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6.2. Matsumoto Algebras. 

Theorem 6.3. Let A he a shift space over a finite alphabet A which satisfies condition (/) 
and has left-Krieger cover 7i\) then 0\ = C*{E\, tta, (^^a)-)- Moreover, if A satisfies 
condition {!*), and has predecessor graph {E\*,7i\*) then 0\* = C*{E\*,71/^*, (£^a*)-)- 

Proof. By definition every A G (^^a)° can be written as a union of sets of the form 
Aj = for j = 1,... ,n. For /r G A* let gr(/i) = then since the projections 

: /i G A*} are mutually commutative (see [IZl p. 686 ]) we may define qr{^i)nr(u) = 
qr{p)qr{u)i and hence define qAj for 1 < j < n. By the inclusion-exclusion principle one 
may further define 

n 

U = qA, - qA^Ak + • • • + {-If^^qA^ ■■■qA^- 

j=l j^k 

Using calculations along the lines of those in [TU §3] one checks that {ta, qA} is a repre¬ 
sentation of {Ea,71a, (£^a)° )• 

Let {sa,PA} be a representation of {Ea,71a, {£a)^). By the universal property for 
C*{Ea, 71a, (^a)-) there is a map ipt^q : C*{Ea,71a, Oa such that V’t,g(sa) = ta 

and 'fit,qij>A) = qA, in particular iptA is surjective. 

Since A satisfies condition (/) it follows by Theorem 12.11 that Oa carries a strongly 
continuous action [3 of T. Since fiz o '>Pt,q = o Iz for all 2 ; G T and 'ipt,q{pA) = 7 ^ 0 

it follows from Theorem 15.31 that ipt,q is injective, which completes the proof of the first 
statement. 

The second statement is proved similarly. □ 

Remarks 6.4. (i) In 0 § 6 ] a condition (*) is given under which for shift spaces A 

satisfying (*) conditions (/) and (/*) are equivalent and Oa — Oa*- This suggests 
that if A satisfies (*) then {Ea,77a) is labelled graph isomorphic to {EA*,'n'A*) and 
the isomorphism of Oa and Oa* can be deduced from Theorem 14.81 However |S1 
Theorem 6.1] shows that, in general, Oa and Oa* are not isomorphic. In particular, 
(F'a, tta) and (i?A*,^A*) are not labelled graph isomorphic in general. 

(ii) The isomorphism of C*{Ea,t7a, (^’a)°) and Oa identifies C*{pA '■ A G (Ta)°) with 
A A C Oa- Recall from na Corollary 4.7] that A a = C'(nA), hence we may think 
of the elements of (Ta)° as indexing closed sets in Ha- 

6.3. Finiteness Conditions. 

Definition 6.5. A labelled graph {E,7i) is label-finite if \7i~^{a)\ < cxo for all a G C^{E,7i). 

If {E,7r) is label-finite then 7 r“^(a) is finite for all a G C{E,tt) and so all sets in are 
finite (and conversely). If [E, tt) is label-finite then [E, fi) is label-finite. If E is row-finite 
and {E,n) is label-finite then (F, 7 r, T°) is set-finite. 

The following result generalises 13 Corollary 2.5] (see also [3 Remark 3.3 (i)]). 

Theorem 6 .6. Let (F, 7 r) be a row-finite left-resolving labelled graph which is label-finite 
and satisfies {n} G for all v E E^. Then C*{E, tt, T°) = C*{E); moreover if {n} G 
for alive E° then C*Ie,71,£°) ^ C*{E). 

Proof. Let {se,Pv} be the canonical Cuntz-Krieger F-family and {ta, qA} be the canonical 
generators of C*{E,7i,£^). For a G C^{E,7i) and A G let 

Ta= ^ Sa, and Qa = '^Pv- 

e£E^:7r{e)=a v^A 
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The above sums make sense since {E, tt) is label-finite. Since E is row-finite one may 
easily check that these operators define a representation of {E,7t,S^). By the universal 
property of C*{E,7r,S^) there is a homomorphism ‘ipT,Q '■ C*{E,7r,S^) —>■ C*{E) given by 
i^T,Q{ta) = Ta and tpT,Q{qA) = Qa for all a G C^{E, n) and A e 

Since {n} E for all v E E^, we have Pv = Qv E C*{Ta, Qa) for all v E E^. Since our 
labelled graph is left-resolving we have Se = T^(e)Qr{e) ^ C*{Ta,QA) for all e E E^, and 
so 'ipT,Q is surjective. The canonical gauge actions on C*{E) and C*{E,'7i,£^) satisfy the 
required properties and 'ipT,Q{qA) = Qa 7 ^ 0 for all A G so ^jJT,Q is an isomorphism by 
Theorem 15.31 

The proof of the second isomorphism is essentially the same. □ 

Corollary 6.7. Let Q = s) be a row-finite ultragraph then C*{Q) = C*{Eg) 

where Eg is the underlying directed graph of Q. 

Proof. From Examples 13.31 (ii) a row-finite ultragraph Q may be realised as a row-finite 
left-resolving labelled graph {Eg, 7ig). As Eg is row-finite it follows that {Eg, ng) is label- 
finite. Since the source map is single-valued it follows that v E £g for all v E = Eg 
and hence the result follows from Theorem 16.61 □ 

The following result was first observed in u Theorem 3.5] (see also |21l Theorem 4.4.4]). 

Corollary 6.8. Let K he a sofic shift over a finite alphabet then 

Oa ^ C*{Ea) 

where {Ea,71a) is the left-Krieger cover of A. 

Proof. As E\ is finite and each v E E\ has a different past there are ay G C{Ea, ta) with 
'f'-Ki.,{otv) = Hence {n} G (T°)_ for all v E The result follows by Theorem 16.61 □ 

From Theorem 3.3.18] any two minimal left-resolving representations {E, it), {E, tt') of 
an irreducible sofic shift are labelled graph isomorphic and so C*{E, tt, £fi) = C*{E, ir', Efi) 
by Lemma EHl Moreover, one may use the minimality of the representation to show that 
the underlying graph E is irreducible (cf. [THt Lemma 3.3.10]). Hence we have: 

Corollary 6.9. Let {E, vr) he a minimal left-resolving presentation of an irreducible sofic 
shift over a finite alphabet, then C*{E,7i,£f) = C*{E,7r,£^) is simple. 

Remark 6.10. Recall that the graph (^ 2 , 712 ) in Examples 13.31 fib is the left-Krieger cover 
of the even shift Y. Although Y is irreducible, {E 2 , 712 ) is not a minimal left-resolving 
presentation of K and Oy = C*{E 2 ) is not simple. However the graph (Ei,7ri) Examples 
ESI (ii) is a minimal left-resolving cover of Y and so 

C*(Ei,7ri,T°) = C*(Ei,7ri,0 = C\E^) 

is simple. Similarly C*{Ez,t^Zi£-) — C*{Ez) is simple where Z is the irreducible shift 
introduced in Examples 13.31 Ivi ). 

Thus, if one wishes to associate a simple C^-algebra to an irreducible sofic shift A, then 
one should use the minimal left-resolving presentation of A. (cf. jHlIZl)- 

For a general shift space A, either {Ea, it a) will not be row-finite or there will be n G E^ 
with V ^ (^^a)° • This indicates that the C*-algebras corresponding to presentations of 
such shift spaces will not be Morita equivalent to graph algebras. The shift associated to 
a certain Shannon graph (see m Theorem 7 . 7 ]) provides such an example. 
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